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Abstract 

We study the self-similar solutions of any sign of the equation 

Ut—div(\\Juf '^\Iu) — \u\'^ ^ u, 

in R^, where p,q > 1. We extend the results of Haraux-Weissler obtained for p — 2 to the case 
g > p — 1 > 0. In particular we study the existence of slow or fast decaying solutions. For given 
t > 0, the fast solutions u{t, .) have a compact support in when p > 2, and u{t, x) 

is bounded at infinity when p < 2. We describe the behaviour for large |x| of all the solutions. 
According to the position of q with respect to the first critical exponent p — 1 + p/N and the 
critical Sobolev exponent q*, we study the existence of positive solutions, or the number of the 
zeros of u{t, .). We prove that any solution u{t, .) is oscillatory when p < 2 and q is closed to 1. 
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1 Introduction and main results 



In this paper we study the existence of self-similar solutions of degenerate parabolic equations with 
a source term, involving the p-Laplace operator in x (0, oo) , > 1, 

ut — div{\Vu\^'~'^ Vu) = \u\'^~^ u, (1-1) 

where p > l,q > 1. The semilinear problem, relative to the case p = 2, 

ut — Au = \u\'^~^ u, (1-2) 

has been treated by [18], and [26], [27], [20]. In particular, for any a > 0, there exists a self-similar 
solution of the form 

U = t-l/('?-l)^(t-l/2 1^1) 

of (|1.2p . unique, such that to € C^([0,oo)), w(0) = a and w'(0) = 0. Any solution of this form 
satisfies lim|^|_»oo j^j^^'-'^^^^ ^(S.) = -Z^ € M. It is called slowly decaying if L ^ and fast decaying if 
L = 0. Let us recall the main results: 

• // (A^ + 2)/N < q, there exist positive solutions. 

• // (A^ + 2)/A^ <q < {N + 2)/{N — 2), there exist positive solutions of each type; in particular 
there exists a fast decaying one with an exponential decay: 

thus the solution u of 111.^) satisfies u{.,t) G L^{R^) for any s > 1, and limt^(j\\u{.,t)\\g = 
whenever s < N{q — l)/2, and lim^^o sup|2,|>£ \u{x,t)\ = for any e > 0. Moreover for any integer 
m > 1, there exists a fast decaying solution uj with precisely m zeros. 

• // (A^ + 2)/ (A^ — 2) < q all the solutions uj ^ have a constant sign and a slow decay. 

• If q l£ + 2)/N, then all the solutions w ^ have a finite positive number of zeros, and 
there exists an infinity of solutions of each type. 

The uniqueness of the positive fast decaying solution was proved later in [28] and [Tl], and more 
results about the solutions can be found in [16], [15] and |17j . 

Next we assume p / 2. If n is a solution of (jl.ip . then for any ao,/3o G M, u\{x,t) = 
A"°n(Ax, X^^t) is a solution if and only if 

"0 = ?'/(g + 1 -p), /3o = (9-l)ao, 
This leads to search self-similar solutions of the form 

n(x, t) = {(3ot)-'/^''-'^wir), r = (M^'/^' \x\ , (1.3) 
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the equation reduces to 

np-2 ,\' , - 1 I np~2 



{\^w'\'^ ^ w'^ H I^T w' + rw' + aQW + \w\'^ ^w = Q in (0, cxd) . (1-4) 



In the sequel, some critical exponents are involved: 



2N 2N 



p ^ N{p-l)+p 

qi=p-l + —, q = ; 

iV N — p 

with the convention q* = oo N < p. Observe that p — 1 < qi < q*; moreover pi < p <^ 1 < qi, 
and p2 < p ^ I < q*- We also set 

^ — ^ and T] = ^, (1-5) 



2-p ' p-l 

thus (5 > p <2. Notice that 

< p < 2 <^ iV < r/ < iV, (1.6) 

P2<p<2^ N <25. (1.7) 

Problem (jl.ip was studied before in [22]. In the range qi < q < q* and pi < p, the existence of 
a nonnegative solution u was claimed, such that w has a compact support when p > 2, or w > 
when p < 2, with w{z) = o{ l^j'-"^''''^-*'^''^"^^) at infinity, for any small e > 0. However some parts 
of the proofs are not clear. The equation was studied independently for p > 2 in p], but the 
existence of a nonnegative solution with compact support was not established, and some proofs are 
incomplete. Here we clarify and improve the former assertions, treat the case p < Pi, and give new 
informations on the existence of changing sign solutions. In particular a new phenomenon appears, 
namely the possible existence of an infinity of zeros of w. Also all the solutions have a constant 
sign when p < P2- 

Theorem 1.1 Let q > max(l,p — 1). (i) For any a > 0, there exists a self-similar solution of the 
form 

u(t, x) = {(3^t)-^'^'^-^^wmt)-^"'^ \x\) (1.8) 

of unique, such that w G C"^ ((0, oo)) n ([0, oo)) , w{0) = a and w'{0) = 0. Any solution of 

this form satisfies lim|^|^oo [zl"" w{z) = L S M. 

(a) If qi < q, there exists positive solutions with L > 0, also called slow decaying. 

(Hi) If qi < q < q*, there exists a nonnegative solution w ^ such that L = 0, called fast decaying, 
and 

u{t) G L'*(M^) for any s > 1, lini ||'u(t)||^ = whenever s < N/ao, 



4 



lim sup = for any e > 0. 

\X\>£ 

More precisely, when p > 2, w has a compact support in (0, oo) ; when p < 2, w is positive and 



limi^l^oo w{z) = iiN,p, q)>0 if pi<p<2, 

lim\,\^^\zf^-P^^^P-'^^w{z) = c>0 if l<p<pi, (1.9) 

linir^oo ^^(lnr)(^"*"-^)/^zi; = ^?(A^,p, g) > if p = pi. 

(iv) If qi < q < q* , for any integer m > 1, there exists a fast decaying solution w ^ with at least 
m isolated zeros and a compact support when p > 2; there exists a fast decaying solution w precisely 
m zeros, and \w\ has the behaviour lil.9\) when p < 2. 

(v) If p < p2, or if p > p2 and q > q*, all the solutions w ^ have a constant sign and are slowly 
decaying. 

(vi) If q < qi, (hence pi < p), all the solutions w ^ assume both positive and negative values. 
There exists an infinity of fast decaying solutions, such that w has a compact support when p > 2, 
and [zl^^*-^^^^ w{z) is bounded near oo when p < 2. Moreover if p < 2, and q is close to qi, and p 
close to 2, then all the solutions w ^ have a finite number of zeros. If p < 2 and q is close to 1, 
all of them are oscillatory. 



In the sequel we study more generally the equation 

\w'\^ w'^ H w' + rw' + aw + \w\'^^^ w = in (0,oo), (1-10) 

II J J, I I 

where a > is a parameter, and we only assume q > 1. The problem without source 

ut-div{\Vu\P'^Vu) = (1.11) 

was treated in |23j when p < 2 for positive solutions. In [5] we make a complete description of the 
solutions of any sign of (jl.lip for p < 2, and study the equation 

/| /|p-2 ,\' iV-l, ,m-2 / , / , n ■ /n \ ^iio\ 

\^\w I w j -\ \w \ w + rw + aw = U m (U, ooj , (1-l^j 

for arbitrary a G M. A main point is that equation (jl.lOp appears as a perturbation of (I1.12P when 

w is small enough. When q > and (6 — N){5 — a) > 0, observe that (jl.l2p has a particular 
solution of the form w{r) = £r~^, where 

'-'-T^) ■ (1-13) 

— a J 
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A critical value of a appears in studying ()1.12p when p2 < p : 

— (?^^- 

In the case p > 2, eqution (jl.l2p is treated in [13J and [6]. 
Our paper is organized as follows: 

In Section [21 we give general properties about equation (jl.lOp . Among the solutions defined 
on (0,oo) , we show the existence and uniqueness of global solutions w = w{.,a) E ((0, oo)) fl 
([0, oo)) of problem (jl.lOp such that for some a € M 

w{0)=a, u;'(0) = 0. (1.15) 

By symmetry, we restrict to the case a > 0. We give the first informations on the number of zeros 
of the solutions, and upper estimates near oo of any solution of any sign. 

In Section [3l we study the case (2 — p)a < p. We first show that any solution w satisfies 
lim^-^oo '^"li' = L £ M. Moreover we prove that the function a i — > L{a) = \imr^oof"w{i",0:) is 
continuous on M. When L = 0, then any solution w has a compact support if p > 2, and r^w is 
bounded if p < 2 and we give a complete description of behaviour of w near infinity. Then we study 
the existence of fast decaying solutions of equation ll.lOl positive or changing sign, according to the 
value of a, see theorems 13.91 and 13.61 We give sufficient conditions on p,q,a, in order that all the 
functions w{.,a) are positive and slowly decaying, see Theorem 13.111 some of them are new, even 
in the case p = 2. Finally we prove that all the solutions w are oscillatory when pi < p < 2 and a 
is close to 6, see Theorem 13. 15t this type of behaviour never occurs in the case p = 2. 

In Section H] we study the case p < {2 — p)a, for which equation (jl.lOp has no more link 
with problem (jl.ip . but is interesting in itself. Here r^w is bounded at oo, except in the case 
p = (2 — p)a < pi where a logarithm appears. Moreover if pi < p, oi pi = p < {2 — p)a^ then all the 
solutions are oscillatory. As in section 3 we study the existence of positive solutions, see Theorems 
14.91 and 14. Ill At Theorem 14.61 we prove a difficult result of convergence in the range a < rj where 
the solutions are nonoscillatory. 

Section [5] is devoted to the proof of Theorem 11.11 by taking a = ao and applying the results of 
Section [3l since (2 — p)ao < p. 

2 General properties 

2.1 Equivalent formulations, and energy functions 

Equation (jl.lOp can be written under equivalent forms, 

"^-^\w'\^~^w'\ + r^~^{rw' + aw + \w\'^-^w) = in(0,oo), (2.1) 
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(r^{w + \w'f~^ w')^ + r^-i ((a - N)w + \w\''-^ u;) = in (0, oo) . (2.2) 

Defining 

J^ir) =r^ (w + r'^\w'\''~^w'^ , (2.3) 

then ()2.2p is equivalent to 

J'^{r) = r^-\N -a-\w\''-^)w. (2.4) 

We also use the function 

J^{r) = r'' (w + r~^\w'\^~^w'^ = r""'^ J^{r), (2.5) 

which satisfies 

J'^{r) = r"-i {{a - N)r-'^ \w'\^~^ w' - \w\'^~^ . (2.6) 
The simplest energy function, 

^(r) = -Kr+2-' + VTr' ^^-'^ 

obtained by multiplying (jl.lOp by w' , is nonincreasing, since 

E'{r) = -{N -l)r-^\w'\^ -rw'"^, (2.8) 

More generally we introduce a Pohozaev-Pucci-Serrin type function with parameters A > 0, o", e G 
M : 

(I /|p I 1(7+1 2 \ 

Such kind of functions have been used intensively in [21j . After computation we find 

ru;' + w] -{aa- — -- -)w^ . (2.10) 



2 y ' 2 4 

Notice that E = Vo,o,q- 

In all the sequel we use a logarithmic substitution; for given d € M, 

w{r) = r^^Udir), r = Inr. (2.11) 

We get the equation, at each point r such that w'{r) ^ 0, 

y'd + {r]- '^d)yd - d{r] - d)yd 



+ -l^e«^'-2)'^+P)- \dy, - y^p-^ (y', - {d - a)y, + e-''^'^~'^^ \y,r' y,) = 0. (2.12) 

Setting 

y,(r) = -r('^+i)(^'-i) w' , (2.13) 

we can write ()2.12p as a system: 

/ y', = dy,-\Y/'-^^y^^^-'^Y,, 

\ y,' = {p-l){d- r^)Y, + e(P+(P-2)^)-(a2/rf + e-^(''-i)- b,!""^ y, - |y,l(2-f)/(p-i) y,), ^ " > 
In particular the case d = 5 plays a great role: setting 

w{r) = r-^y{T), Y{t) = -A^+'^)(p-'^) Iw'l^'^w', r = Inr, (2.15) 
equation (|2.12|) takes the form 

(p - l)y" + (TV - 5p)y' + {6- N)6y + \5y - yf (y' -{6- a)y + e~'^i-'^^ {y^^ y) = 0. (2.16) 



and system (j2.14p becomes 



I y' = ,5y-|y|(2-P)/(P-l)y 
I Y' = {6- N)Y - |yl(2-p)/(p-i) Y + ay + e-^^"-'^^^ \y\''-'^ y. 

As r — >■ oo, this system appears as a perturbation of an autonomous system 

f y/ = <5y_|y|(2-P)/{p-i)y 

I Y' = {5 - N)Y - \Y\^^-P^^^P-^'^ Y + ay 



(2.17) 



(2.18) 



corresponding to the problem (jl.l2p . The existence of such a system is one of the key points 
of the new results in [5]. If 6{6 — N)(6 — a) < 0, it has only one stationnary point (0,0). If 
6{6 — N)(5 — a) > 0, which implies p < 2, it has three stationary points: 

(0,0), Mi = {£, {6£)P~^), and = -Mg, (2.19) 

where i is defined at (jl.lSp . The critical value a* of a, defined at ()1.14p corresponds to the case 
where the eigenvalues of the linearized problem at are imaginary. Observe the relation 

Jjv(r)=e(^-^)-(y(r)-y(T)). (2.20) 
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with 



As in [4J and [5], we construct a new energy function, adapted to system (|2.17p . by using the 
Anderson and Leighton formula for autonomous systems, see [Ij. Let 

p p' 2 

W{t) = W{y{T),Y{T)) + ^e-^(^-i)- |y(r)|^+i (2.22) 

q+l 

Then 

W'{t) = U{y{T),Y{T)) - fcile-^(^-i)- \y(r)\''+^ , (2.23) 

U{y,Y) = {5y-\Yf-^'>/^P-^^Y) {Mf-Hy - Y) {25 - N - n{y ,Y)) , (2.24) 

y) = / \5y\f-Hy^Y, 
1 \5y\^-^ /{p-l) if \5y\y-Hy = Y. 

If 25 < N, then U{y, y) < on M^, thus W is nonincreasing. If 25 > N, the set 

C = {{y,Y)GR^ :n{y,Y) = 25-N}, (2.26) 

is a closed curve surrounding (0,0), symmetric with respect to (0,0), and bounded, since for any 
{y,Y)€M.^ 

n{y,Y) > ^{{5yf-P + |y|(2-p)/{p-i)). (2.27) 
Introducing the domain S of with boundary C and containing (0, 0), 

S = {{y,Y)em^:n{y,Y)<25-N}, (2.28) 
then W'{t) < for any r such that whenever (^(t), Y{t)) S, from ()2.23p . 



2.2 Existence of global solutions 

The first question concerning problem (jl.lOp . (jl.lSp is the local existence and uniqueness near 0. 
It is not straightforward in the case p > 2, and the regularity of the solution differs according to 
the value of p. It is shown in [3] when p > 2 and a = ao, by following the arguments of [l4j. We 
recall and extend the proof to the general case. 

Theorem 2.1 For any a ^ 0, problem ^.10\) . ^.15\) admits a unique solution w = w{.,a) € 
([0, oo)) , such that w' G ([0, oo)) ; and 

lim \w'F'^ w'/rw = -{a/N + a«+^); (2.29) 

r—*0 

thus w e C'^ ([0, oo)) if p < 2. And \w{r)\ < a on [0, oo) . 



9 



Proof. Step 1 : Local existence and uniqueness. We can suppose a > 0. Let p > 0. 
From (j2.2p . any w & ([0, p]) , such that \w'\^^'^ w' € ([OiP]) solution of the problem satisfies 
w = T(w), where 

T{w){r) =a- r lF(u')|(2-P)/(^-^) H{w)ds, 
Jo 

rr 

H{w{r)) =rw- r^"^ Jjv(r) = rw - r^'^ / s^-^j{w{s))ds, (2.30) 



and j(r) = (iV — a)r — \r\'^ ^ r. Reciprocally, the mapping T is well defined from ([0, p]) into 
itself. If w G C°([0,p]) and w = T{w), then w G {{0, p]) and \w'f~'^w' = H{w), hence 
\w'\''~'^ w' G ((0)P]) and It; satisfies (jl.lOp in (0,p] . Moreover lim,r^o — {N — a)a, 

hence \w'f '^'w'{r) = ~r{{a/N + a'^~^) + o(l)); in particular lim,.^o ^^'('^) = 0, and \w'f~'^w' G 
([0,p]) , and w satisfies (fTTTO]) and (fTTSl) . and (I2:i9]) holds. We consider the ball 

Br,m = {^i; G CO ([0,p]) : ll^i; - a||co([o,i?]) < m} , 

where M is a parameter such that < M < a/2. Notice that j is locally Lipschitz continuous, 
since g > 1. In case p < 2, then the function r i— > has the same property, hence T 

is a strict contraction from Bp^M into itself for p and M small enough. Now suppose p > 2. Let 
-fC = K(a, M) be the best Lipschitz constant of j on [a — M, a + M] . For any w G Br^m^ and any 
r G [0, p] , from ([CT]) 

(a - M - M±il^) , < ^(^(,)) < + M + -^•("^ + ^^) r (2.31) 

hence, setting p{a) = a — j{a)/N = (a'' + aa)/N > 0, 

p{a)r/2 < H{w{r)) < 2fi{a)r 
as soon as M < M(a) small enough. Then from (j2.30p . 

r(^) -«llcO([o,i?]) < (2p(a))V(^'-i)fiP/b-i) 
hence T{w) G iSp^Af for p = p{a) small enough. Now for any wi,W2 G Bp^M, and any r G [0,p] , 

\T{wi){r)-T{w2){r)\< f \H{w)\^'^-^^'^^-'^^ H{wi) - \H{w2)f~'^^'''^'^^ H{w) {s)ds 



and for any s G [0,r] , from [TH p. 185], and 

|^(^)|(2-P)/{P-1) ^(^^) _ |//(u;2)|^'"^^/^''"'^ H{w) {S) 

< /7(«;2)(2-*')/(''-^) |//(u;i) - H{w2)\ (s) 

< (2/i(a))(2~P)/(P-i) - 7i;2| + Ks-"" J\^-' \wi -W2\da 

< C(a)s^/(f-i) - ti;2 llco([o,/j]) (2.32) 
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with C{a) = (2^(a))(2-P)/(P-^) (1 + K/N) 

\\T{wi) - T{w2)\\cO^[o,R]) ^ C{a)/ \\wi - W;2|IcO([0,RJ) < ^ ~ ^2|lcO([0,R]) 

if p{a) is small enough. Then T is a strict contraction from Bp^M into itself. Moreover if p{a) and 
M(a) are small enough, then for any b € [a/2,3a/2] , 

\\w{.,b) -u'(.,a)||c.o([o,p]) <\b-a\ + ^ \\w{.,a) - ^i'l-, |IcO([o,r]) 

that means ■w{a,.) is Lipschitz dependent on a in [0,/9(a)] . The same happens for w'{.,a), as in 
(|232D . since 



'i.,b)-w'i.,a)\ = \Hiw{.,b))f-P^/'^P-'^'> H{wi.,b)) - \H{w{.,a))f-P^/'^P-'^'^H{w{.,a)) 



Step 2 : Global existence and uniqueness. The function w on [0, p{a)] can be extended on 
[0, oo) . Indeed on the definition set, 

Eir) = i \w'f + -w^ + \w\''^^ < EiO) = -a" + a^+\ (2.33) 

p' ' ' 2 9 + 1 2 

hence w and if' stay bounded, and \w{r)\ < a on [0, oo). The extended function is unique. Indeed 
existence and uniqueness hold near at any point ri > such that w' [ri) ^ {) oi p < 2 from the 
Cauchy-Lipschitz theorem; if w'{ri) = 0, it;(ri) ^ and p > 2, it follows from fixed point theorem 
as above; finally if w{ri) = w'{ri) = 0, then w = on [ri, oo) since E is nonincreasing. ■ 

Remark 2.2 For any ri > 0, we have a local continuous dependence of w and w' in function of 
ci = w{ri) and C2 = w'{ri). Indeed the only delicate case is ci = C2 = 0. Since E is nonincreasing, 
then for any e > 0,, if \w{ri)\ + |u;'(ri)| < e, then sup[^^ |tf(r)| + |?y'(r)| < C{e), where C 
is continuous; thus the dependence holds on whole [ri,oo). In particular, for any a E M, w{.,a) 
and w'{., a) depend continuously on a on any segment [0, R] . If for some qq, w{.,aQ) has a compact 
support, the dependance is continuous on M. As a consequence, w{., .) and w'{., .) € ([0, oo) x M) . 

Remark 2.3 Any local solution w of problem il.lO\) near a point ri > is defined on a maximal 
interval {Rw, oo) with < Rw < ri. 

2.3 First oscillatory properties 

Let us begin by simple remarks on the behaviour of the solutions. 
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Proposition 2.4 Let w be any solution of problem U.10\) . Then 



lim w{r) = 0, lim w'{r) = 0. (2.34) 

If w > for large r, then w' < for large r. 

Proof. Let w be any solution on [ro,oo), rp > 0. Since function E is nonincreasing, w and w' 
are bounded, and E has a finite limit ^ > 0. Consider the function V = V\^d,e defined at (j2.9p with 
A = 0, o" = (A^ — l)/2, e = a + a. It is bounded near oo and satisfies 

Ml! \ 'IP I I 19+1 I 2,^-11 /|P-2 / , 2 P\ 

—rV [r) = — ^ — [\w I + \w\ + aw + —r w\w\ w + r w ) 

N -I , , N -1^ 

> -^E{r) + 0(1) > ^— e + 0(1). 

If 1^ > 0, then V is not integrable, which is contradictory. Thus ^ = and (I2.34|) holds. Moreover 
at each extremal point r such that w{r) > 0, from 

(|u;'|^"^ w')'{r) = -{a + w{ry+^)w{r), (2.35) 

thus r is unique and it is a maximum. If w{r) > for large r, then from ()2.34p necessarily w' < 
for large r. ■ 

Now we give some first results concerning the possible zeros of the solutions. If p < 2 then 
any solution tt; ^ of (jl.lOp has only isolated zeros, from the Cauchy-Lipschitz theorem. On the 
contrary if p > 2, it can exist ri > such that w{ri) = w'{ri) = 0, and then from uniqueness w = 
on [ri, oo) . 

Proposition 2.5 (i) Assume a < N. Let a = {N — a)^^^'^~^\ Then for any a G (0, a], w{r, a) > 
on [0, oo) . 

(ii) Assume pi < p and N < a. Then for any a ^ 0, w{r, a) has at least one isolated zero. 

(Hi) Assume p < 2. Then for any < m < M < oo, any solution w of U . 1 0|) has a finite number 

of zeros in [m, M] , or w = in [m, M] . 

(iv) Assume p > 2 or a < max(N,r]). Then for any m > 0, any solution w of problem U . 1 Oj) w 
has a finite number of isolated zeros in [m, oo) , or w = in [m, oo). 

Proof, (i) Let a G (0, a] . Assume that there exists a first ri > such that w{ri, a) = 0, hence 
w'{ri,a) < 0. Let us consider Jjy defined by (j2.3p . Then J'j^{r) > on [0,ri), since < w{r) < a, 
and JAr(O) = 0, and JN{fi) = r^^^ \w'{ri)f~ w'{ri) < 0, thus Jj^ = on [0, ri], thus w = a, 
which contradicts (jl.lOp . 

(ii) Suppose that for some o > 0, w{r) = w{r, a) > on [0, oo) . Since N < a, there holds J'j^{r) < 
on [0, oo) , and Jn{0) = 0, hence JAr(r) < 0. Then r i — > r^ — 6w~^ is nonincreasing. 
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• If p > 2, it is impossible, thus w has a first zero ri, and J'^{r) < on [0, n) , thus Jn{t~i) < 0, 
then w'{ri) < and ri is isolated. 

• If p < 2, there exists c > such that for large r, JAr(r) < — c, hence w{r)-\-cr~^ < |?i;'(r)|^~"^ /r. 
Then there exists another c > such that w' +cr^^~^^^^P~^^ < 0. If = 1 it contradicts Proposition 
I2.4[ If 2 < A^, then p < N, and w — cr~^/ri decreases to 0, thus 6 < rj, which contradicts N < 5, 
which means pi < p, from (jl.6p . 

(iii) Suppose that w has an infinity of isolated zeros in [m, M] . Then there exists a sequence of 
zeros converging to some r G [m, M] . We can extract an increasing (or a decreasing) subsequence 
of zeros (r„) such that if > on (r2n, r2n+i) and w < on {r2n-i,r2n) ■ There exists s„ G (r„, r„_|_i) 
such that w'{sn) = 0; since to € [0,oo) , it implies w{r) = w'{r) = 0. It is impossible because 
p<2. 

(iv) Suppose that tt; ^ in [m, oo). Let Z be the set of its isolated zeros in [m, oo). Notice that m 
is not an accumulation point of Z, since {w{m),'w' {m)) ^ (0,0). Let pi < p2, be two consecutive 
zeros, thus such that pi is isolated, and |w| > on {pi, P2) ■ We make the substitution (12. lip , where 
d > will be choosen after. At each point r such that y'^ir) = 0, and yd{T) 7^ 0, we deduce 

{p - \)yl = yd {{p - l)d{rj - d) + e((P-2)^+P)- Idy^t^ (d - a - e-''^'^-'^ ly^r' yd)) ; (2.36) 

if T G {e^^ , e^'^) is an maximal point of {ydl, it follows that 

^iip-2)d+p)r \dyd{T)tP (d - a - e-'^(^-i)^ \yd{r)r') < {p - l)d{d - 77) (2.37) 

Setting p = S {pi,P2) , it means 

/ klp)!^"" [d-a- \w\''-^ (p)) <{p- l)dP-\d - 7]). (2.38) 

If p > 2, we fix d > a. Since limr^oo 'U^('") = 0, the coefficient of pP in the left-hand side tends to 
00 as yO — > 00, hence p is bounded, hence also pi, thus Z is bounded. If a < r/, we take d G (a, rj) . 
Then the right hand side is negative, and the left hand side is nonnegative for large r, hence again 
Z is bounded. If a < N, we use function Jjv '■ 

Jn{P2) - Jn{pi) = P2'^ \w'\'''^w'{p2) - p^-^ \w'\''-^ w'{pi) = / s^'-^wiN -a- \w\''-^ w)ds 

J Pi 

(2.39) 

and the integral has the sign of w for large p, hence a contradiction. In any case Z is bounded. 
Suppose that Z is infinite; then p > 2 from step (iii), and there exists a sequence of zeros (r„), 
converging to some r G (m, 00) such that w{r) = w'{r) = 0. Then there exists a sequence (r^) of 
maximal points of ly^l converging to r = In r. Taking p = Pn = e^" in (j2.38p leads to a contradiction, 
since the left-hand side tends to 00. ■ 
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When w has a constant sign for large r, we can give some informations on the behaviour for 
large r of the solutions {y,Y) of system ()2.17p . in particular the convergence to a stationary point 
of the autonomous system (j2.18p : We have also a majorization in one case when the solution is 
changing sign. 

Lemma 2.6 Let w be any solution of \1.10\) . and {y, Y) be defined by i2.15\) . 

(i) If y > and y is not monotone for large t, then Y is not monotone for large r, and 
either max(a, A^) < 5 and \\m.T-^aoy{T) = £, or 6 < min(a,A'') and liminfT-^oo < ^ < 
limsup^_ooy(r). 

(a) Ify > andy has a limit I at oo, then either I = andliuir^ooY^T) = 0, or {6—N)(S—a) > 
andl = i and lim^^oo(y(r), y(r)) = Mg, or 5 = a = N and lim^_oo Y{t) = [5iy~'^ . 

(Hi) lfy>0 and y is nondecreasing for large r and limT-^oo yi^) = oo, then limT-^oo Y{t) = oo. 

(iv) If y is changing sign for large r ( which implies p < 2) and a < S, then N < 6 and 
|y(r)| <£{! + o(l)) and \Y{t)\ < {6£)p-^1 + o(l)) near oo. 

Proof. From Proposition 12.41 Y{t) > for large r in cases (i) to (iii). 

(i) Suppose that y is not monotone near oo. Then there exists an increasing sequence (t„) such 

that Tn oo, y'iTn) = 0, y"{T2n) > 0, y"{T2n+l) < 0, y{T2n) < y{T) < y{T2n+l) On {T2n,T2n+l) , 

y{T2n) < y{T) < y{T2n-i) on (r2„,-i , r2„,) , and y{T2n) < y(r2„+i).From (|2.16p, 

{p - l)y"{Tn) = S^'Py{Tn) (y(r„)2-p (^5 -a- e-^(''-i)^"y(rO''-i)) -{6- N)6P-'^ (2.40) 
From Proposition 12.41 e~'''^y(r) = o(l) near oo and 

y(r2„+i)'-^ [a- 6 + e-^(«-i)^-+^y(r2„,+i)''-^)) 

>{N- 6)6P-' > y{T2n?~^ {a- 5 + e-'^'^'^^^^- y^-^) > y(r2„)'-^ (a - <5) . 

Then either a < 5 and N < 5 and i < y{T2n) < y{'T2n+i) < ^(1 + o(l))) hence lim^^oo y{T) = L Or 
5 < a and 6 < N, and y(T2„) < i, and £ < y(T2„+i)(l + o(l)). If Y is monotone near oo, then from 
(|2.17p . y" = 6y' — y(2-p)/(p-i)y^ hence e~^^y' is monotone, which contradicts the existence of a 
sequence (t„) as above. Thus Y is not monotone. 

(ii) Let I = lim^_»oo y > 0. If y is monotone, either limT-^oo = oo, which is impossible, since then 
y' — > — oo; or Y has a finite limit A > 0. If y is not monotone, at the extremal points r of Y, we 
have 

|y^^^|(2-p)/(p-i) y^^^ j^^y{t) = al + o(l), 

from (j2.17p . thus Y has a limit at these points, hence Y still has a limit A. From (j2.17p . y' has a limit, 
necessarily 0, hence A = {6iy~^ .Then Y' has a limit, necessarily 0, and {6 — N){6iy^^ = {6 — a)l; 
thus / = = A, or (5 - N){6 - a) > and I = i, X = (<5£)P-\ oi 6 = a = N. 
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(iii) Suppose that y is nondecreasing and limr^oo y{T) = oo. Then either Y is not monotone, 
and at minimum points it tends to oo from (j2.17p . then hm^-^oo ^(''") = oo. Or Y is monotone; 
if it has a finite hmit, then hmT-_>oo ^'(''") = oo from (j2.17p . which is impossible. Then again 
hm^^oo Y{t) = oo. 

(iv) Assume that y does not keep a constant sign near oo; then also w, thus also w', and in turn Y. 
At any maximal point 6 of |y|, one finds 

{p - l)y"{9) = 6'-Py{e) ^6 - a - e-'^"-^^' \y{e)r^) -{6- N)6P-') , 

hence 

\y{e)f-P {6-a + o(l)) <{6- N)6P-\ 

Since 6 — a > 0, it follows that 5 — N>0 and |2/(t)| < i{l + o{l)) near oo. Similarly at any maximal 
point 1? of [y[ , one finds 

Y"{'d) = (q + e~^('?-i)'' |yWr"^)y' + S{q - i)e-'^('?-i)'' y 

which implies 

|y(^)|{2-p)/(p-l) (5 _ + o(l)) < (5 _ N)6 
thus |y(T)| < ((5^)P-i(l + o(l)) near oo. ■ 

2.4 Further results by blow up techniques 

Next we give two results obtained by rescaling and blow up techniques. The first one consists in a 
scaling leading to the equation 

r^-^ (r^-i Iv'f'^ v'^ + \v\''-^ v = 0. (2.41) 

without term in rw' , extending the result of ([26, Proposition 3.4]) to the case p 7^ 2. It gives a 
result in the subcritical case q < q*, and does not depend on the value of a. 

Proposition 2.7 Assume that 1 < q < q*{thus p > p2)- Then for any m € N, there exists such 
that for any a > o^, w{., a) admits at least m + 1 isolated zeros. And for fixed m, the m^^ zero of 
w{.,a) tends to as a tends to 00. 

Proof, (i) First we show that there exists a* > 0, such that for any a > a^:, w{., a) cannot stay 
positive on [0, 00). Suppose that there exists (an) tending to 00, such that Wn{r) = w{r, an) > on 
[0, 00), and let 

Vn{r) = a-iu;„(a-i/°«r). (2.42) 
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Then Vn{0) = 1, f^(0) = and Vn satisfies the equation 

(r^'iai-'^Vn + r-' Kf'^ + r^-^ ((a - N)ai-'^Vn + bn^"' Vn) = 0. (2.43) 
From (j2.33p apphed to Wn 

Vnir)<l, \v'^ir)\''<p'(^%i-'i + -^^ in [0, oo) , 

thus Vn and v'^ are uniformly bounded in [0, oo) . If p < 2, then v'^ is uniformly bounded on 
any compact /C of (0, oo) , from (jl.lOp . and up to a diagonal sequence, f„ converges uniformly in 
C/q^ (0, oo) to a function u. If p > 2, then, from (|2.43p . the derivatives of r^(an '^Vn + lv^f '^n) ^^'^ 
uniformly bounded on any /C, and an~'^Vn converges unifomly to in [0, oo) , and up to a diagonal 
sequence, \Vn\^ v'^ converges uniformly on any /C, hence also v'^, thus Vn converges uniformly in 
Cl^^ (0, oo) to a nonnegative function u G (0, oo) . For any r > 0, 

Kr^v'nir) = -ai-''rvn{r)+r'-''l\''-' (a^'^(iV - a)vn - v^) ds, 

hence 

\v'\^~^v'{r) = -r^-^ Ts^-^lvl'^-^vds in (0, oo) . (2.44) 

In particular v'{r) — > as r ^ 0, hence v can be extended in a function in C^([0,oo)), such that 
v{0) = 1, and v'{r) < 0. Using the form (|1.10p for the equation in Vn, converges uniformly on 
any /C, hence v E (0, oo) fl C^([0, oo)) and is solution of the equation (j2.4ip such that v{0) = 1 
and v'O) = 0. But this equation has no nonnegative solution except since q < q* ■ Moreover the 
zeros of function v are all isolated, and form a sequence (r„) tending to oo, see [1], [8] and |24j . 
Then we reach a contradiction. 

(ii) Now let m > 0. As in j26t Proposition 3.4], assume that there exists a sequence (a„) tending to 
oo, such that Wn{r) = w{r,an) has at most m isolated zeros, hence also Vn- Up to a subsequence 
we can suppose that all the Vnij") have the same number of isolated zeros m : TQ^n?i"i,m ■■^Trn,n- 

Let 

M > such that ro,ri, ..,rm G (0,M) . Then for n large enough, ro,„,ri_„, ..,rfn,n G (0, M + 1) . 
Either Vn{r) has no zero on [M + l,oo) , or there is a unique zero rjn^n+i such that Vnir) has a 
compact support [0, rjn^n+i] ■ Up to a subsequence, all the Vn are nonnegative or nonpositive on 
[M + 1, oo) ; then the same holds for v, and we get a contradiction. Thus for a large enough, w{.,a) 
has at least m + 1 zeros. Moreover, as in [26], the m first zeros stay in a compact set, and from 
()2.42p the m*^ zero of w{., a) tends to as a — > oo. ■ 

Now we make a scaling leading to the problem without source 

r^-^ (r^-i \v'\''^^ v'^ + rv' + av = ^. (2.45) 

It gives informations when the regular solutions of (j2.45p are changing sign, in particular p2 < p < 2, 
and 6 < a. It does not depend on the value of q. 
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Proposition 2.8 Assume that p2 < p < 2, 5 < a. Then there exists an ac € (??,«*) such that if 
a > Oc, then for any m E N, there exists such that for any < a < o^, w{.,a) admits at least 
m + 1 isolated zeros. And for fixed m, the m*'* zero of w{.,a) tends to as a tends to oo. 

Proof. Suppose that there exists (o„) tending to 0, such that Wn{r) = w{r, o„) > on [0, oo), 
and let 

Vn{r) = a~'^Wn{a~y^r). 
Then f„(0) = 1, f^(0) = and u„ satisfies equation 

(r^ivn + \v'J-^ <))' + r^-i ((a - N)vn + a^' Kl''' Vn) = 0, 

and estimates 

vn{r)<l, l<Wr<f'(^f + in[0,oo). 

As above we construct a solution v € C'^ (0, oo) fl C^([0, oo)) of the equation (|2.45|) . But from [S], 
there exists ac G (??, a*) such that the regular solutions of (j2.45p are oscillating for a > hence 
we conclude as above. ■ 

Remark 2.9 This scaling does not give any result when the regular solutions of \2.4^ have a 
constant sign: it is the case for example when a = N : they are the Barenblatt solutions, they have 
a compact support when p > 2 and a behaviour in r^^ near oo when p < 2. Nevertheless if p > pi, 
all the solutions w{.,a) of il.lO\) have at least one zero, from Proposition \2.5[ 

2.5 Upper estimates of the solutions 

Here we get the behaviour at infinity for solutions of any sign. We extend the results of [18j obtained 
for p = 2, giving upper estimates with continous dependence, which also improve the results of [22] : 

Proposition 2.10 Let d>0. 

(i) Assume that the solution w of problem hl.lO\) . 111.15]) satisfies 

k(r)| <Q(l+r)-^ (2.46) 

on [0, oo) , for some Cd > 0, then there exists another C'^ > 0, depending continuously on C^, such 
that 

\w'{r)\ <C'a{l + r)-'^-\ (2.47) 
(a) For any solution of ^.10\) such that w{r) = 0{r^ ) near oo, then w'{r) = 0{r-'^-^) near oo. 
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Proof, (i) We can assume that to ^ 0. Let r > i? > 0; we set 



fnir) = exp "ds^ ■ (2-48) 

The function is well defined when p < 2 from (j2.29p . and fji € C^{[R,oo)). When p > 2, from 
Proposition 12.51 (iv), the function w has a finite number of isolated zeros and either there exists a 
first f > such that w{f) = w'{f) =0, or w has no zero for large r, and we set f = oo. In the last 
case case, from Proposition 12.41 the set of zeros of w' is bounded. If w'^f) = for some f G (0,f) , 
then, from (jl.lOp . w')' has a nonzero limit A at f, hence f is an isolated zero of w and 

Iw'is)]^'" = |A[(2-P)/(f'i) (s - + 0(1)) 

near f. Then s\w'\'^~^ G Lj^^{R, oo), thus Jr is absolutely continuous on [R,r) if f = oo. Let 
k = k{N,p,d) > be a parameter, such that K = k — {N — l)/(p — 1) > 0, and k > 1 + d. By 
computation, for almost any r G (R, f) , 



r^fR{w' - Kr'^wj = -K{k - ly'^'^fRW - r'"'^ f'^wia + K+ [u-I""^) 

hence for any r G [R,r) , 

r^fnw' = R''-\Rw'{R) - Kw{R)) + Rr'^'^fRW 

r r 

- K{k s^-^fRwds - J s^-^f^wia + K+ \w\'^-^)ds. (2.49) 

R R 

Assume (j2.46p and take R = 0, and divide by /q. From our choice of k, and since /' > 0, we obtain 

r''\w'{r)\ < Cdr''-^''^ 

on [0,f) and then on [0, oo) , where Ca = Cd{K + K{k - l)/{k - I - d) + a + K) + C^^, and 
K = K{N,p, d); this holds in particular on [1, oo) ; on [0, 1] , from (j2.33p . 

\w'{r)\<p'iaCd/2 + Cy'), 

and (12:471) holds. 

(ii) Let i? > 1 such that w is defined on [R, oo) and w{r) < Cd'r~'^ on [R, oo) . Defining f as above 
and dividing ()2.49p by Jr and observing that /j?(r) > 1, and R'^ < R^^^^'^ < r^-^-<^^ we deduce 

\w'{r)\ < R'' \w'{R)\ + CdKR^'^"^ + Cdr^'^''^ < {\w'{R)\ + CdK + Cdy^^^'^ 

on [R, f) and then on [i?, oo) , and we conclude again. ■ 
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Proposition 2.11 (i) For any 7 > ifp > 2, any 7 G [0, 6) ifp < 2, any solution of il.lO\) satifies 
near 00 

w{r) = 0{r-^) + 0{r-''). (2.50) 
(ii) The solution w = w{.,a) of problem il.lO\) . il.l5\) satisfies 

\w{r,a)\ <C^(a)((l+r)-^ + (l+r)-"), (2.51) 

where C^(a) is continuous with respect to a on M. 

Proof, (i) Here we simplify the proofs of ^18j and [22]: using equation (jl.lOp . tlie function F 
defined by 

F{r) = \? + \w'^'''^ w'w, (2.52) 

satisfies the relation 

(r2"F)' = r2"-i(|u;'|^ + (2a - N)r-^ \w'\^"^ w'w - |u't'?+^) 
< r2"-^(|u;'|^ + (2a - N)r-^ \w'\''~^ w'w). 

Assume that for some d > and R > 0, \w{r)\ < Cr^'^ on [i?, 00) . Then from Proposition 
EJO] there exists other constants C > such that (r^^F)' < (7r2"-i-(^+i)P on [R,oo). Then 
F{r) < C(r-('^+i)P + r-2") on [R, 00) if (d + l)p 7^ 2a; and r'^ \w'\P''^ \w\ < Cr-^^^+^P, thus 

\w{r)\ < C(r-('^+i)P/2 ^ r"") 

on [R, 00) . We know that w is bounded on [R, 00) from Proposition 12.41 Consider the sequence 
(dn) defined by do = 0, dn+i = {dn + l)p/2. It is increasing and tends to 00 if p > 2 and to 5 if 
p < 2. After a finite number of steps, we get (j2.50p by changing slightly the sequence if it takes the 
value 2a/p — 1. 

(ii) We have |i(;(.,a)| < a, from Theorem 12.11 Assuming that for some d>0, \w{r,a)\ < Crf(a)(l + 
r)^'^ on [0, 00) , and Cd is continuous, then 

\w{r, a)\ < Cdia)iil + r)-^''+^^P/^ + (1 + r)~") 

from Proposition 12. 10^ where Cd is also continuous. We deduce (|2.5ip as above, and is con- 
tinuous, since we use is a finite number of steps. Notice in particular that lima^oC'y{a) = 0. 

■ 

As a consequence we can extend a property of zeros given in [26^ Proposition 3.1] in case p = 2, 
which improves Proposition 12. 5t 

Proposition 2.12 Assume that a < N, or p > 2, or a < rj. Given A > 0, there exists M{A) > 
such that if < \a\ < A, then the solution w{.,a) of il.lO\) . il.l5\) has at most one isolated zero 
outside [0, M{A)] . 
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Proof. From Proposition l2.51 w{., a) has a finite number of isolated zeros. Let pi < p2 be its two 
last zeros, where by convention p2 = f if p > 2 and the function has a compact support [0, f] . From 
Proposition 12.111 for any /U > 0, there exists R = R{A, p) > such that max|„|<^ j,>/j |t(;(r, a)| < 
p^/(i~^\ Also max|„|<^ ,.>o |iL'(r, a)| < A, from Theorem 12. li As in Proposition 12.51 we make the 
substitution (|2.1ip for some d > 0. If p > 2, we choose d > a, and fix /i = (d — a)/2. Suppose 
that pi > R. Then from (j2.38p . denoting p' = d^~^{{p — l)d — N + p), there exists p € (pi, P2) such 

thatpP \w{p)f~P [d-a- < {p - l)dP'^{d - r/). 

p/ < p' \w{p)f-'^ < p'AP-^ 

Taking M{A) = max{R{A, p), {p' p-'^AP-'^^/P), we find pi < M{A). If p < 2 and a < 77, taking 
d G (a, rj) and the same p, and M{A) = R{A, p), then pi < M{A), from ([238]) • If p < 2 and a < N, 
we choose p = {N — a)/2 and M(74) = R{A, p) and get /9i < M{A) from (|2.39|) by contradiction. ■ 



3 The case (2 — p)a < p 

In this paragraph, we suppose that (2 — p)a < p, or equivalently, 

p> 2 or {p <2 and a < 6). (3.1) 



3.1 Behaviour near infinity 

Proposition 3.1 Assume 13. 1\) and q > 1. For any solution w of problem U.10\) . there exists 
L € M such that limj.^00 ^"w = L. 

Proof. From Propositions 12.10] and \2.11\ w{r) = O {r^") and w'{r) = 0(r^"^^) near 00. 
Indeed it follows from p.5ip by choosing any 7 > a if p > 2 and 7 E (a, 6) if p < 2. Consider the 
function defined in (j2.5p . Then from (j2.6p . is integrable at infinity: indeed r°~^ \w'\^~''^ = 
0(r(2-p)°-P-i) and ([31]) holds, and r^-^ = ©(r-^-"^'?^!)). Then ^ has a limit L as 

r — > 00. And 

r"u; = ^(r) - r""^ ju-'j^^^u;' = J„(r) + ©(r^^-f)""?), 
thus lim^^oo r°'w{r) = L, and 

i = Ja(r)+ / j'M)ds. (3.2) 



Next we look for precise estimates of fast decaying solutions. It is easy to obtain an approximate 

poo 

estimate. Since limr_>oo Jai^) = 0, we find Jo(r) = — J'^{s)ds; thus 

Jr 

/oo 
s""^ (lu-l^ + (iV + a)s~^ hT"^) ds (3.3) 
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Consider any d > a, with (2 — p)d < p, such that w{r) = 0{r '^), hence also w'{r) = 0{r ^) 
from Proposition [Uni Then w{r) = 0{r-<P~^'^'P) + 0{r~'i'^) from ([33]). Setting do = a and 
dn+i = mm{dn{p — I) + p, qdn), the sequence is nondecreasing. it tends to oo if p > 2, and to 
<5 if p < 2. Thus 

w{r) = o{r~'^), for any d > if p > 2, for any d < 6 if p < 2. (3-4) 

Next we give better estimates, for any solution of the problem, even changing sign or not everywhere 
defined. 

Proposition 3.2 Assume 13. Let w be any solution of U.10\) such that lim^-too '^"^('') = 0. 

(i) If p > 2, then w has a compact support. 

(a) If p < 2, then w{r) = 0{r^^) near oo. 

Proof, (i) Case p > 2. Assume that w has no compact support. We can suppose that w > 
for large r, from Proposition 12. 5i We make the substitution (j2.1ip for some d > a. Since w{r) = 
o{r~'^) , w' {r) = o{r~'^~^) near oo we get yd{T) = o(l), 2/^(t) = o(l) near oo. And ^ = dy^ — y'^ = 
_^d+iy^i jg positive for large r from Proposition 12. 4i From ()2.12p . 

y'^ + (7? - 2d)y'^ - d{v - d)yd + -l^e«P-2)'^+P)>2-p (^^z _ _ ^^y^ + ^-d(,-i)r ^ ^ 

As in Proposition 12.51 the maximal points r of y^ remain in a bounded set, hence y^ is monotone 
for large r, hence y'^ir) < 0, and limT-^oo e'-^^"^'*'^^^^'^^'^"^ = lim,._>oo I""^'!^^^ = o*^- Then 
(p - \)yl = e((p-2)'^+p)-^2-p 1 ^ ^(-L) ^ _ ^ ^(-L)) _ 

Since d — a > 0, there exists C > such that y"^ > C e'^''P~'^^'^^P^'^ tp'^'^ for large r, then 
thus V'^~2 _|_ (7g((p-2)d+p)Ty^^ _|_ 1^1^ jg nonincr easing, which is impossible. 

(ii) Case p < 2. Let us prove that y is bounded near oo. If holds if y is changing sign, from Lemma 
12.61 Next assume that for example y > for large r, thus also Y. If y is not monotone, then N < 5 
and limT-^oo = from Lemma 12.61 If y is monotone, and unbounded, then is nondecreasing 
and tending to oo. Then Y < {5yY~^ from system (I2.17p . which implies Y = o{y); then y — Y > 
for large r, thus for any e > 0, for large r, 

(y - Y)' = {5- a)y + (iV - 8)Y - e-'^('?-i)^ \y\'i-'^ y 

= {6-a){y-Y) + {N - a)Y - e-^^^-i)^ [yl^^^ y > {5 - a - e){y -Y) 

and y > y - y > Ce^-^^"-^)^, for some C > 0, which contradicts (j3.4p . ■ 
Next we complete the estimates of Proposition 13. 21 when p < 2. 
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Proposition 3.3 Under the assumptions of Proposition \3.2\ with p < 2, if w has a finite number 
of zeros, then 

(i) if pi < p, lim r^w = ±£] (3-5) 

r^oo 

(a) if p < pi, lim r^w = c c G M, c 7^ 0; (3-6) 

r— »oo 

(^^^)^fp = p,, lim r^(lnr)(^+i)/2«; = ±£., g = I >] . (3.7) 

Proof. We can assume that w > for large r.. Then y,Y are positive for large r, from 
Proposition 12.41 and y, y' are bounded from Propositions 13.21 and 12.101 If y is not monotone for 
large r, then N < 5 from Lemma 12.61 that means pi < p from (jl.6p . and limT-^oo = £, which 
proves p.5[) . So we can assume that y is monotone for large r. Since it is bounded, then, from 
Lemma [221 either N < 5 and lim^^oo uiT) = i or 0, 01 S < N and limT-^oo y{T) = 0. Suppose that 
limT-_^oo y{T) = 0. Then y'ir) < for large r. 

(i) Case pi < p {N < 5). Then iV < and from (f236|) . 

(p - + (<5p - iV) \y'\ + {6- N)6y = o{\y'f-^) + o(y3-P). (3.8) 

Thus y is concave for large r, which is a contradiction; and (jS.Sp holds. 

(ii) Case p < pi {6 < N). We observe that 

- (p - + (5p - iV)y' + {N - 5)5y < (3.9) 

for r > Ti large enough, since a < 6; and we can suppose ^(t) < 1 for r > ti. For any e > 0, the 
function r 1 — > e + e"'^^'^"'^^-' is a solution of the corresponding equation on [n, cxo), where 

^ = r]-b = {N -b)l(j)-\)>^. (3.10) 

Then ^(t) < e + e~^'<^~'^'^^ from the maximum principle. Then ?/(r) < e~^^'^~'^^^ on [ti,cx3). That 
means that ?u(r) = 0(r(^'~^)/*^P~^)) near 00, hence w'ir) = 0(r(^~^)/(^'~^)) from Proposition 12.101 
Next we make the substitution (j2.1ip . with d = rj. Then functions yrj and y'^ are bounded, and from 
(!2T2]) 

(P - 1)« - W;) = e(P-(2-P)^)- |r?y, - y;]'"^ (-y; + (r? - a)y, - e'^^'^-i)- [y^r^ y,) ; (3.11) 

hence (e-^'^y^,)' = 0(e(P-(3-p)'?)^). Since lim^^oo e-''^y;,(r) = 0, and (5 < r/ from ([L6|), we find 
p < (2 -p)?? < {3-p)r], then e-^^y^,(T) = ©(e^^-^^-f)^)^), thus y'^ir) = 0(e(P-(2-p)'?)^). Then y^ 
has a limit c > as r ^ 00, thus 

lim r^w = c. 

r— >oo 
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Suppose that c = 0. Then VdiT) = 0{e '^°'^), with 70 = (2 — p)d — p > 0. Assuming that yd(r) = 
0(e~'^"'^) for some 7„ > 0, then ^^(t) = 0{e^'^"'^) from Proposition 12.10^ hence (e~'^'^y^)' = 
0(e(p-(3-p)'^-{3-p)7n)r)^ g^^^^ t^rn y^(^) ^ 0(e~^"+i^) with 7^+1 = (3 -p)7„ + {2-p)d-p. And 
hm^^oo 7n = 00, thus w{r) = o{r~'^) for any 7 > 0. Let use make again the substitution (j2.1ip . with 
now d > 7]. The new function yd satisfies hm^^oo 2/d(''") = liiHr-^oo = 0. It is nondecreasing 

near 00, since a ^ d : indeed at each point r large enough where ^^(t) = 0, y'^{T) has a constant 
sign from (j2.12|) . Otherwise hm,-^oo = 0, since 5 < d. Then 

{p - l)y'^ + {2d-r, + 0(1)) \y'j\ + d{d - r] + o{l))yd = 0; 

thus y'^ is concave for large r, which is a contradiction. Thus c > and p.6p holds, 
(ill) Case p = pi {S = N). Then also 6 = 7]. From (j2.17p . 

y' -Ny = -y V(P-I) ^ y + yl/(p-l) = ay + ^l-^^ryq (3_;^2) 

hence y' + yi/(p-i) > 0, thus by integration, Y{t) > c^r-(P-i)/(2-p) fo^. 

some Ci > and for large 

r. From ()3.12p . there exists Ki > such that 
for large r, which implies a lower bound 

Also Y' + yV(p-i) < {^a/N + o(l))y V(p-i)^ since y' < 0. Then for any e > 0, 

Y' + {^Ll^ - e)yi/(p-i) < (3.13) 
for large r. Taking e small enough, we deduce 

Y{t) < Ci,,r-(^-i)/(2-rt, with C7£-P)/(^'-i) = |^(^^ - 28)-' (3.14) 
for large r. Then 

(_Are-^-y)' < Arc^i/(P-i)e-^V~V(2-p) < -C^/J^-^) (^e-^V"V(2-P)^ ' 
Thus we get an upper bound 

y{r) < lci/(--i)r-V(2-p). 
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Moreover from ([3l^ and (l3l^ . \Y'{t)\ < Y^/'^p-'^\t) for large r, hence from (l3l^ . y" 
ATy' = _yi/(p-i)y' = (9 (^-(3-p)/{2-p)) ^ ^^^^^ {e-^^y')' = 0(e-^V-(3-P)/(2-p))^ ^l^^g y, 

0(r^(^^^^/*^^^^)), hence y' = o{y) from the lower estimate of y.Then for any e > 0, 



Y' + - e)y V(P-i) > 



for large r; then 



Y{r) > C,,r-(P-'y('-P\ with = |^(^ + 2.)-^ 

for large r. Thus 

hm r-(P-i)/(2-f)y(r) = ( ^~\^^ )(p-i)/(2-rt = {T-'/(^-P)NyiT)r-\ 

T—>-oa 2 — p N — a T^oo 

so that lim^^oo(T~^/(2"P)y(r)) = and dMD holds. ■ 

We can get an asymptotic expansion of the slow decaying solutions, which in fact covers the 
case p = 2, where we find again the results of [26, Theorem 1]. 

Proposition 3.4 Assume 13. Let w be any solution of U.10\) . such that L = lim^-^oo ''"'^ > 0. 
Then 

lim r^+^u-' = -aL, (3.15) 



r— >oo 



and 



r 




r-" {L+{K + o(l)) r~^) , if {q + I - p) a > p, 

(L+ (K + M + o(l))r^"('?-i)) , if [q + 1 - p) a = p, (3.16) 



{L + (M + o(l)) r-°('?-i)) , if {q + l-p)a<p, 



^ ^ (a(p-l)-(jV-p))(aL)V(^-^) ^ _ 



k ' a(g — 1) 

Moreover differentiating term to term gives an expansion of w'. 

Proof. We make the substitution (j2.1ip with d = a, thus w{r) = r~^ya{T). For large r, 
w'{r) = r~("+^)(ayQ(r) — y'a{T)) < 0, thus aya — y'^ > for large r. And (|2.14p becomes: 

f „/ _yi/(p-i) 

\Y^ = {p-l){a- 7])Ya + e^-{ay^ - Y^^^P'^^ + e-'^^'i-^^^yl). 

The function y^ converges to L, and y'^ is bounded near cx), since = 0(r~("+^)) near oo, thus 
Yq, is bounded. Either Y^ is monotone for large r, then it has a finite limit A; then y'^ converges to 
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aL — A^/*-^ thus A = (aL)^^^^ . Or for large r, the extremal points of form an increasing 
sequence (r„) tending to oo. Then 

(rji/(P-i) = ay, (t„) + e-"('?-i)-"y^(r„) + {p-l){a- r,)e-^^-YM 

thus lim y^(r„) = (qL)^^'-^^^^ . In any case limT-^oo (''") = {aL)^^^^^'^'^ , which is equivalent to 
p.lSp . and implies linir^oo y'a i^) = 0- Now consider Y^. Either it is monotone for large r, thus 
limr^oo Y^ (r) = 0; or for large r, the extremal points of Y^ form an increasing sequence (sn) 
tending to oo. Then Y^ (Tn) = 0, then by computation, at point t = Sn, 

-(p-l)ia- 7?)e-^-) Y^=(^p + a{p - 1) + 

+ (A;-a(g-l))e-"('?-i)-y^ 
thus limY"^ = 0. In any case, limT-^oo^o (t) = 0. From (j3.17p . we deduce 
y'a = -e-'^^'-'^^y'a - e-'mp - l)(a - v)Ya - = -{L'^ + o{l))e-''^'^-'> - k{K + o(l))e-'=- 

thus y'^ = —k{K + o(l))e~*'"^ if a{q — 1) > fc, or equivalently {q + 1 — p)a > p] and y'^ = —{kK + 
+ o{l))e-^^ if a(g - 1) = fe; and y'^ = -{L^ + o(l))e-"(5-i)^ if a{q - 1) < k. The estimates 
(j3.16p follow by integration. This gives also an expansion of the derivatives, by computing w' = 

-r-('^+^\aya - y'a) : 



w'(r) = < —r 



(ceL + {a + k){K + o(l)) r"^) , if (g + 1 - p) a > p, 

(aL + (a + A:) (i^ + M + o(l)) r"^') , if + 1 - p) a = p, 
.^-("+1) (aL + ag(M + o(l))r-"(9-i)) ^ if (g + 1 - p) a < 



which corresponds to a derivation term to term. 



3.2 Continuous dependence and sign properties 

Next we extend an important property of continuity with respect to the initial data, given in [T8] 
in the case p = 2. The proof is different; it follows from the estimates of Proposition (j2.10p and 
from the expression of L(a) in terms of function J,. 

Theorem 3.5 Assume 1^3. For any solution w = w{.,a) of problem 1^1. 10\) . U.15\) . setting 
L = L{a), the function a i — > L(a) is continuous on whole M. Moreover the family of functions 
(a I — > (1 + r)°'w{r, a))j,>o is equicontinuous on M. 

Proof. Let oq € M. From Propositions 12.101 and (j2.1ip . there exists a neighborhood V of ao 
and a constant C = C{V) > such that for any a £ V, 

k(r,a)| < C(l + r)-°, U'(r,a)| < C7(l + r)-("+i), (3.18) 
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From ()3.2p . we have for any r > 1, 

L{a) = Ja{r, a) + / Ja{s,a)ds = / Ji^{s,a)ds (3.19) 
Jr Jo 

where Ja{r, a) = r" (^w{r, a) + r^^ \w'\^ ^ w'{r, a)^ , since Ja(0, a) = 0. Then with a new constant 
C = C{V), for any a G F, 



hence for any e > 0, there exists > 1 such that 



poo 




sup / 









ds < £. 



From Remark 12.21 w{.,a) depends continuously on a on any compact set, thus also J^(.,a). Then 
there exists a neighborhood Vs of contained in V such that 

(•re 



sup 

aeVe Jo 



and consequently \L{a) — L(ao)| < 3e. This proves that L is continuous at oq. Moreover 

sup sup \Ja{r, a) — Ja{r, aQ)\ < 2e, 

aeVe re[0,oo) 

thus the family of functions (a i — > a))r>o is equicontinuous at oq. Next for any r > 1 and any 
a£V, 

\r''w{r,a) - J„(r,a)| = r"-^ \w'ir,a)\^'^ < cA^~P)^-P^ 
thus for any e > 0, there exists > such that 

sup \r°'w{r,a) — Ja{r,a)\ < e. 

a£V,r>fi; 



It implies 

And there exists a neighborhood of ao contained in Vs, such that 



sup 1(1 + r)°'{w{r, a) - w{r, ao))| < (2" + 2)e. 



sup 1(1 + r)"(w(r, a) — it;(r, ao)) I < e. 

Then 

_sup \{l + r)''{w{r,a) -w{r,ao))\ < (2" + 2)e, 

a€Ve,r€[0,oo) 

which shows that the family of functions a i — > (1 + r)"^w{r,a) (r > 0) is equicontinuous at oq. 
As a consequence we obtain some results concerning the number of zeros of the solutions 
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Theorem 3.6 Assume I13.1\) . 

(i) Suppose that for some ao > 0, it;(.,ao) has a finite number of isolated zeros, denoted by N{ao). 
If L{ao) 7^ 0, then N{a) = N{ao) for any a close to ao- 

(ii) Suppose q < q* ■ Then {a > : L(a) = 0} is unbounded from above. Moreover there exists a 
increasing sequence (am) tending to oo, such that w{.,am) has at least m + 1 isolated zeros and 
L{am) = 0. 

(Hi) Suppose q < q*, p < 2 and a < N. Then for any m G N, 

Om = inf {a > : N{a) > m + 1} € (0, oo) , 

and if m > 1, then w{., cim) has precisely m zeros and L(am) = 0. 

Proof, (i) Let n < r2 < .. < '^Ar(ao) be the isolated zeros of w{.,ao). Since L{ao) ^ 0, there 
are no other zeros, and there exists e > such that infj.>rj^^^^j_|_i |i(;(r, ao)| > e. From Theorem 
13.51 there exists a neighborhood of ao such that infr>rjv(a(,)+i I^C'^jo)! > e/2 for any a G V^. 
From Remark 12.21 there exists a neighborhood dV^ such that w(r,a) has exactly -/V(ao) zeros 
on [0,r;v(ao) + l] ; hence iV(a) = N{ao). 

(ii) Assume that for some a* > 0, L{a) ^ for any a G (a*,oo) . From Proposition 12. 5^ (iii) and 
(iv), w{., a) has a finite number of isolated zeros N{a). The set 

{a G (a*, oo) : N{a) = N{a*) + 1} 

is closed in (a*, oo) since N is locally constant, and open; then N{a) is constant on (a*, oo) , which 
contradicts Proposition 12.71 Moreover there exists a increasing sequence (a^) tending to oo such 
that w{.,a^) has at least m + 1 isolated zeros; as above it cannot happen that L[a) ^ for any 
a G (a^, oo) , hence there exists Om > aj^, such that w{., am) has at least m + 1 isolated zeros and 
L{ajn) = 0. 

(iii) Here w{.,a) has only isolated zeros. Following the proof of [26', Propositions 3.5 and 3.7], for 
any m G N, the set Bm = {a > : N{a) > m + 1} is open and Zm{a) = m^^ zero of w{., a) depends 
continuously on a. Using Proposition 12.121 one can show that, for any ao > 0, N{a) = A^(ao) or 
^{o-o) + 1 for any a in some neighborhood of oq. Then necessarily am Bm, and N{am) = and 
L{am) = by contradiction in (i). ■ 

Remark 3.7 When q < q* and p > 2, for any ao > 0, we have N(a) > A^(ao) for any a in 
some neighborhood of qq, but we cannot prove that N{a) < A^(ao) + 2, thus we have no specific 
information of the number of zeros of the compact support solutions. 
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3.3 Existence of nonnegative solutions 



Here we study the existence of nonegative solutions of equation (|1.1U|) . If such solutions exist, then 
either pi < p and a < N, from From Proposition 12.51 or p < pi, thus a < 5 < N; in any case 
a < N. Reciprocally, when q < A^, we first prove the existence of slow decaying solutions for \a\ 
small enough. 

Proposition 3.8 Assume o-iT'd a < N. Let a > be defined at Proposition \2.5[ Then for 

any a £ (0, a], w{r, a) > on [0, oo) , and L{a) > 0. 

Proof. Let a € (0,a]. By construction oi a, w = w{r,a) > 0, from Proposition 12.51 and 
function Jn is nondecreasing and Jiv(O) = 0; and JAr(r) < r^w near oo, from Proposition 12.41 
Assume that L{a) = 0. Then p < 2 from Proposition 13.21 From Proposition 13. 3^ either N < 6, 
and r^w = 0{r'^~^); or S < N and N < rj from (jl.6p . and r^w = 0{r^^'^); or S = N and 
r'^w = 0(lnr)~(^+^)/^. In any case, limsup^^^ J i\i{r) = 0; then Jjy = 0, thus = 0, which is 
impossible. ■ 

Next we consider the subcritical case 1 < q < q* and prove the existence of fast decaying 
solutions. Notice that in that range p > P2', if moreover 1 < q < qi, then p > pi. 

Theorem 3.9 Assume h3. 1\) and a < N, and 1 < q < q* . Then there exists a > such that w{.,a) 
is nonnegative and such that L{a) =0. If p > 2, it has a compact support. If p < 2, it is positive 
and satisfies (K^), (EJj or [3l\ ). 

Proof. Let 

A = {a>0: w{.,a) > on (0, oo) and L(a) > 0} , (3.20) 

B = {a > : w{., a) has at least an isolated zero} . (3-21) 

From Proposition 13.81 and 12.71 ^ and B are nonempty: A D (0,a] and B D [a, oo) . From the local 
continuous dependence of the solutions on the initial value, B is open. For any oq G A, there exists 
e > such that min^>o(l + r)"tt;(r, oq) > £■ From Theorem 13.51 there exists a neighborhood 
of oq such that minr>o(l + r)°'w{r,a) > e/2 for any a € hence Ve C A, thus A is open. Let 
Oinf = inf B > a and Cgup = sup A <a. Taking a = ajnf or asup, then uj{., a) is nonnegative, positive 
if p < 2, and L(a) = 0, and the conclusion follows from Proposition 13.31 We cannot assert that 

Remark 3.10 As it was noticed in f25f for p = 2, there exists an infinity of pairs ai,a2 such that 
< ai < 02 < flinf, thus w{.,ai) > 0, w{.,a2) > 0, and L{ai) = L{a2). Indeed from the continuity 
of L proved at Theorem \3.5[ L attains at least twice any value in (O, maxjo^ai^f] • 

In the supercritical case q > q* we give sufficient conditions assuring that all the solutions are 
positive, and then slowly decaying. Recall that q* < 1 whenever p < P2- 
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Theorem 3.11 Assume i3. 1\) and one of the following conditions: 

(i) P2 < P o-nd a < N/2 and q > q*; 

(ii) p < P2 and 1 < q. 

(Hi) P2 < P and N/2 < a < {N — l)p' /2 and q > g*, where q* > q* is given by 

1 iV - 1 1 , , 

= . (3.22) 

q*+l 2a p' ^ ^ 

Then for any a > 0, w{r,a) > on [0, oo), and L{a) > 0. 

Proof. We use the function V = V\^r;,e defined at (j2.9p , where A > 0, a, e will be chosen after. 
It is continuous at and VA_o-,e(0) = 0, from (|2.29p . Suppose that w(r<^) = for some first real 
ro > 0. Then V\^a,e{fo) = r^ \w'{rQ)f /p' > 0. Suppose that for some A,(T, e, the five terms giving 
V' are nonpositive. Then V = V' = on [0,ro] , hence rw' + (cr — e + a)w/2 = 0, A'^~^+"y'^w is 
constant, hence w = a — e + a ^ 0, or w = a if cr — e + a = 0. It is impossible since w{0) ^ w{ro). 

Case (i). We take A = and a = {N — p)/p and e = a + a — N , thus 



V{r) = r'' I ^ + + (— + a-N)^ + -—^r''w \w'\'' w' \ , (3.23) 




w"^ N - p 



ri-^y'(r) = - ( ^ - ] - ^^^(p - P2) {N - 2a) - ( rw' + -w ] (3.24) 

\ p q + I J 4p \ 2 J 

and all the terms are nonpositive from our assumptions, thus > on [0, 00) . Moreover sup- 
pose that L{a) = 0. Then p < 2, and from Proposition 13.21 V{r) = 0{r^~'^^) as r — > 00, thus 
limj.^00 y{r) = 0, since N < 26 from ()1.7p . Then V = on [0, 00) which is a contradiction. 

Case (ii). We take A = = 2o- and e = a - N/2, thus 

ri-^y'(r) = -^^(P2 - P) kT - ^^^"'^^ ^1"+' - irw' + Nw)\ (3.25) 
2p ' ' 2g + 1 ^ 

and all the terms are nonpositive, and again w > on [0, 00) . If L[a) = 0, we find V{r) = 
0(r^~^) near 00, from Proposition 13.21 since p < P2 < Pi,- Then limr_»oo V{r) = 0, hence again a 
contradiction. 

Case (iii). We take A = 2a and a = N — \ — 2a /p' and e = cr — a, thus 

ri-2"y'(r) = -[a- \w\^^^ + G(2a - N)r-^w \w'\^~'^ w' - {rw' + aw)^ . 

Here the first term is nonpositive from (j3.22p . and also the second term, since cr > 0, N/2 < a and 
< on (0, ro) , from Proposition 12.41 hence again u; > on [0, 00) . If L{a) = 0, then p < 2. 
From Proposition 13.21 either pi < p and V{r) = 0(r^("~'')) near 00, where a < 6; oi p < pi and 
V{r) = 0(r^("~'')), and a < 6 < t] from (jl.6p : 01 p = pi and V{r) = 0{lnr~^'^^^y^). In any case 
lim,.^oo V{r) = 0, hence again a contradiction. ■ 
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Remark 3.12 With no hypothesis on p, if w{rQ) = for some real ro, then from 13.23\) . {3.2^^ , 



+ J r^~^ \ rw' + y dr = 

As in 120 such a relation can be extended to the nonradial case and then applied to nonradial 
solutions w. 

Remark 3.13 Property (ii) was proved for equation 1^1.1^) in J23]. It is new in the general case. 
It can be also obtained by using the energy function W defined at Ii2.22\) instead of V. 

The result (Hi) is new. Is also true when p = 2 : if N/2 < a < N — 1 and q > q^, where 
(7* = (3a — N + l)/(iV — 1 — a) > q* , we prove that all the solutions are ground states, with a slow 
decay. In the case p = 2, q = q* it had been shown by variational methods in that there exist 
ground states with a fast decay, whenever N/2 < a < N when N > 4, or if 2 < a < 3 when N = 3; 
moreover from they do not exist when 1 < a < 2. Apparently nothing was known beyond the 
critical case. 

Remark 3.14 Ifl < p < pi, then the condition a < (N — l)p' /2 is always satisfied, since a < 6 < 
N < (N — l)p' /2. If pi < p, our conditions imply a < N, which was a necessary condition in order 
to get positive solutions, from Proposition \2.5[ 



3.4 Oscillation or nonoscillation criteria 

Our next result concerns the case p < 2, and N < a, thus N < a < 5 from (|3.ip . where there exists 
no positive solutions: all the solutions are changing sign. It is new, and uses the ideas of [5] for the 
problem without source (jl.l2p . It involves the coefficient a* defined at (jl.l4p . which here satisfies 
a* < 5, and the energy function W defined at (j2.23p : we use the notations W,U,TC, C,S of Section 

EH 

Theorem 3.15 Assume Ii3. p < 2, and N < a. 

(i) If a < a*, then any solution w{.,a) (a 7^ 0) has a finite number of zeros. 

(ii) There exists a G (max(A^, a*), 6) such that for any a £ (a, 6), any solution vu{.,a) has a infinity 
of zeros. 

Proof, (i) Suppose N < a < a* (which implies p > 3/2). In the phase plane {y,Y) of system 
(|2.17p . the stationary point Mi is in the domain S of boundary C. Indeed denote = (/i, ((5^)^"^) 
for any > 0. Setting A = 6-^{{26 - N){p - 1))1/(2-p)^ the point Pa 

is on the curve C Then 

{9X,{96\)P-^) G S for any 9 G [0,1), and a < a* <^ i < X, thus Pg = Mi G S, and there 
exists £ G (0, 1] such that Pg+e G S. Now for any /x > such that P^ G 5, the square /C^ = 
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{iy,Y) G M2 : \y\ < fi, \Y\ < is contained in S. Indeed n{n, (^/zf"^) = (duf^P/ip - 1), 

and for any ^, C G [—1, 1] 

since the quotient is majorized by l/{p — 1) if > 0) and by 1 if < Oi because p > 3/2. From 
Lemma [2.6t iv. (7/(r),y(r)) € /C^+e for r > r (e) large enough, thus (7/(r),y(r)) G 5. Thus 
(r) , y (r)) > 0. Consider the function 

oo 

r ^ ^(r) = (r) - ^^^^ J e'^^"-^)^ |y(s)r"^^ ds. (3.26) 



r 



We find 

vl/'(r) = W'{t) + fcile-'^(^-i)- |y(r)r+i =Z^(y(r),y(r)). (3.27) 

Then ^ is nondecreasing and bounded near oo, thus it has a hmit k, and W has the same hmit. 
And n{y, Y) < ?{{£ + e, {5{e + e))^"^) = 26-N -m, for some m = m{e) > 0, thus 

^' (r) = Z^(y (r) , Y (r)) > m (^y - |y {\5y\r-^6y - Y) . 

Now there exists a constant c = c{p) such that for any (a, 6) G ]R^\ {(0, 0)} , 

(a - b) (\af-^ a - Ibf^ ft) > c{\a\ + |6|)P^^(a - bf, 

thus from ([2l711 . 

^' {t) > mc{26{e + l)y-y' (t). 

Then y'^ is integrable and bounded; then hmi-^oo y' (t) = 0. Suppose that y admits an increasing 
sequence of zeros (r„). Then W{Tn) = \Y{Tn)f jp' = |y'(r„)|^ /p', thus hm,--^oo 1^ (''") = 0, thus 
hm^^oo >V(y(T), y(r)) = 0. Moreover |y|{2-p)/(p-i) y = _ = + o(l), thus 

>V(y(r),y(r)) = ~ |y(r)r - ^y'(r) + o(l), 

which imphes hmy(r) = or ib^, and necssarily hmT-^oo 2/ (''") = 0. And hmT-^oo ^ (t") = 0, thus 
'l'(r) < near oo, thus 

oo 

^^^^^ l.(r)r - < >V(y(r),y(r)) < /e-(-^)^ |y(.)r-^... 

P 2 g + 1 J 
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Then y(r) = 0{e~^°'^), with ko = 5{q — l)/p. Assuming that y(r) = 0(e~'^"'^), then we find 
y(r) = 0(e~^"+i^) with kn+i = kn{q + + (g - l)/(2 - p). Since g > 1 > p - 1, it follows 
that y(r) = 0{e~^'^) for any /c > 0. Consider the substitution (|2.1ip for some d > 0. Then yd(r) = 
0{e~^'^) for any A; > 0. At any maximal point of ly^l we find from ()2.12p 

(p - l)d{7] -d)< e((P-2)<i+p)- \dyd\^~P ((a - d) + e-^^^^"^)" M"'^) 

Choosing for example d = r]/2 we get a contradiction since the right-hand sign tends to 0. 

(ii) Suppose N < a and a* < a. Assume that there exists a solution w with a finite number of zeros. 
We can assume that w{r) > near oo. From Propositions I3.l l and 13.31 either limr^oo ^"u^ = -^^ > 
or lim^^oo "i^^w = £. Now the point is exterior to S, thus U{Mf ) < 0, and by computation 



-{6-N) 6P-^ep = 

2 ((5-Q) 



ki := WMe = -{6-N) S^-'^ff' = ^ > 0. (3.28) 



where M = M{N,p) = {6- Af)^+^ ^p-2+{p-^)S /2. 

• First case: limr^oo f^w = £■ Then limr^oo{y{T), ^(t)) = M^. Thus for large T,U{y{T),Y{T)) < 
0, so that W'{t) < 0. Then W is decreasing, and limr^ooW{T) = limT-^_oo W(y(r), y(r)) = kg. 
Moreover near — oo, we find limT-^_oo ^(''") = Ihiir^-oo VV(y(''")5 ^(''")) = 0; indeed near — oo, 
y(r) = 0{e^^) and Y{t) = 0{e^^) from (f239]l and (KTEh . hence e-''^^-^)^ |y(r)|«+^ = ©(e^*^^). 
Then has at least a maximum point tq such that VF(ro) > ki. At such a point, W'{tq) = 0, then 
U{yiTo),Y{To)) > 0, thus (y(To),y(ro)) e 5. Let C = maX(^ y^^jdyj + |y|), thus C = C{N,p) and 
from ([2:26]1 and (027]), and max^^ >V(2/, < = K{N,p), since a - 5 < O.Then 

ke < W{to) <K+ 

From (j3.28p . it implies that 5 — a is not close to 0. More precisely, there exists a = a{N,p) > 
max(A^, a*) such that a <a. 

• Second case: limj-^oo = L > 0. It follows that limT-^oo e^°'~^^'^y = L, and lim^^oo e^°'^^^'^Y - 

, from (|3T5]) . Then Y{t) = 0(yP-i(r)) near oo, thus 

>V(y(r),y(r)) + ^-^yHr) = 0{yP{T)), 

W{t) + ^-=^y\T) = 0{yP{T)) + 0(e-^('?-i)-y'?+i(T)) = 0(yP(r)) + 0(y2-"te-i)/(^-) (r)); 

thus limT-^oo VV(y(r), y (r)) = lim^_^oo = — oo; and again lim^^_oo VV(y(r), y(r)) = 0. From 

O Lemma 4.3] we know the shape of the level curves Ck = {W(y, Y) = k} : either k > ki and Ck 
has two unbounded connected components, or < k < ki and Ck has three connected components 



32 



and one of them is bounded, or k = ke and Ck^ is connected with a double point at Mi, or k = 
and one of the three connected components of Cq is {(0, 0)} , or k < and Ck has two unbounded 
connected components. As a consequence there exists ri such that W(y(ri), Y{ti)) = kf, then again 
W{ti) > ki. Thus W has at least a maximum point tq such that W{tq) > ki, and the conclusion 
follows as above. ■ 

4 The case p < {2 — p)a 

In this section we assume that p < {2 — p)a, that means p < 2 and 6 < a. 



4.1 Behaviour near infinity 

From Proposition 12.11] we deduce approximate estimates near oo 

w{r) = o{r^'^), for any j < 6. (4-1) 

However it is not straightforward to obtain exact estimates, and they can be false, see Proposition 
14.41 below. Here again the key point is the use of enegy function W defined at ()2.22p . 

Proposition 4.1 Assume q > l,p < 2, and 6 < a, or N < a = 5. Then any solution w of problem 
Iil.l0\) satisfies 

w{r) = 0{r-^), w'{r) = 0{r-^-^) near oo. (4.2) 
Proof, (i) Case 6 < a. 

• First assume that 26 < N, that means p < p2- Then from ()2.23p . W'{t) < for any r; hence 
W is bounded from above near oo, and in turn y and Y are bounded, because 6 < a and p < 2. 
Thus ([42]) holds. 

• Then assume < 26. Let tq be arbitrary. Since S is bounded, there exists A; > large enough 
such that W{t) < k for any r > tq such that {y{T), Y{t)) G S, and we can choose k > W{tq); and 
W'{t) < for any r > tq such that (y(r),y(r)) S. Then W{t) < k for any r > tq, hence again 
y and Y are bounded for r > tq. 

(ii) Case N < a = 6. Since < 26, as above W is bounded from above for large r. We can write 
W under the form 



where 



W{t) = ^ i |y(r)r + $(y(r), Y{t)) + e-'^'^~'^^ |y(r)| 

p q+l 



\Y\P \6v\^ 
$(y,F) = ^-5yy + ^>0, V(y,y)GM2. 
p' p 



Thus y is bounded, then also Y from Holder inequality. 
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Remark 4.2 Under the assumptions of Proposition we can improve the estimate |^.^ for the 
global solutions: there exists a constant C = C{N,p) independent on a, such that all the solutions 
w{.a) of [IJU) . [LW\) satisfy 

\w{r,a)\ < Cr^^, for any r > 0. (4-3) 

Indeed let w be any solution. Then lim^^_oo ^(t) = limT-^_oo YiT) = 0, thus limT-_»_oo W{t) = 0. 
If 26 < N, then W{t) < for any r, which gives an upper bound for y independent on a. The same 
happens in case 26 > N : S is interior to some curve W{y, Y) = k, with k independent on a, and 
W{t) < k, for any r. Thus holds. As a consequence, Then \w{r,a)\ < max(C, a)2'^(l + r)~^ 

for any r > 0, from Theorem \2.1\ 

The case a = 6 < N \s not covered by Proposition 14. li In fact (j4.2p is not satisfied, because a 
logarithm appears: 

Proposition 4.3 Assumeq > l,p < 2, and a = 6 < N. Then any solution w of hi. IC^) satisfies 

w = 0{r-\lnr)^/'-'^-P^) near oo. (4.4) 

Proof. Prom (12.50p . we have w{r) = 0{r~^'^^) for any e > 0, hence y(r) = 0{e^'^); and w has 
a finite number of zeros, from Proposition [231 (iv), since a < N. We can assume that y is positive 
for large r. From ()2.17p . 

{y - Y)' = {N- 6)Y - e^^'i-^^^y'i. 

From Lemma [2.6K i). y is monotone for large r. If y is bounded, then (j4.4p is trivial. We can assume 
that limT-_»oo y = oo. Then also limT-_>oo Y = oo, from Lemma 12.61 (iii). and y' > for large r, hence 
< Sy; then Y = o{y) near oo, since p < 2; for any e > 0, y < (1 + e){y — Y) for large r, 

thus 

(y - Y)' <{N- 6){6yy~^ <{N- 6)6P~\1 + eY~\y - Y)'^p~^K 

Hence with a new e, for large r, (y — Y)'^~'p{t) < {N — 6)6^^^ {2 —p){l + s)t, which gives the upper 
bound 

y2-P(r) < {N - 6)6P-\2 - p){l + e)T. (4.5) 
In particular (14. 4p holds, and the estimate is more precise: 

lim sup r^(lnr)-i/(2-p)y^ < {{2 - p)6P-\N - 6))^/'^'^~P\ (4.6) 

r— >oo 

■ 

Next we precise the behaviour of the solutions according to the values of a. 



34 



Proposition 4.4 . Assume q > l,p < 2. Let w be any solution w of problem 111. 10]) such that w 

has a finite number of zeros. 

(i) If 5 < min(a,A^), then either 

lim r^w = ±£, (4.7) 



+ 00 



or 



lim r'^w = c^O (4.8) 

r— >oo 

or r^w{r) is bounded near oo and r^w has no limit, and 

lim ini r^w < (. < lim sup r^w; (4-9) 



in the last case p2 < p. 

(a) If a = 6 < N, then either 



lim r^(lnr)-i/(2-p)^ ^ ^ ^ {{2 - p)5P-\N - 5))i/(2-p)^ (4.10) 



r— »oo 



or ^.8\ ) holds. 

(Hi) If a = 5 = N , then 

lim r^w = k^0. (4.11) 



Proof, (i) Case 6 < min(a, A^). 

• First assume that y is positive and monotone for large r. Since it is bounded, from Lemma 
(ii) and (iv), either limT-_^oo(yi ^) = Mi and (14. 7|) holds; or lim^^oo(y;^) = (0,0), thus y is 
nonincr easing to 0, and limT- — j-q^ 

y'(r) = 0. Comparing to the proof of Proposition [3^ we observe 
that (13. 9p is no more true because 5 — a < 0. Nevertheless, for any small k and for t > large 
enough, 

-{p- l)y" + {6p - N)y' + {N - 5 - K)6y < 0. (4.12) 

Let us fix K < — (5; since limT-^oo y(''") = 0, we can suppose that y(r) < 1 for r > r^. Then 
there exists fi^ < A*, where // defined at (|3.10p . with fi^^ = fi + 0{K), such that, for any e > 0, 
the function r 1 — > e + e~^'^^'^~'^'^^ is a solution of the corresponding equation on [r^, 00). It follows 
that y(r) < e + e"'^''^'^"'^''^ from the maximum principle. Thus y(r) < e"'^"^'^"'^''^ on [rK,oo). 
We can choose k small enough such that /Xk(3 — p) > fJ^ ■= /^(4 — p)/2 > fj,. As a consequence, 
y(r) < e-'^"(^^^'')/(3-p), hence y'(r) = 0(e"''°^/(^^P)), from Proposition [231 From IKWh there 
exists C > such that for t > tc large enough, y(r) < 1 and 

-{p - l)y" + {6p - N)y' + {N - 6)6y < Ce"'^"^. 

There exists A> such that —Ae~'^°'^ is a particular solution of the corresponding equation; then 
e + (1 + ^)e-''(^-^c;) - ^e-'*°(^-^c') is also a solution on [r«;, 00). Then ^(t) < e + (1 + ^)e-^(^-^c;) 
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on [tk, oo) from the maximum principle, then y(r) < (l + ^)e~''(^~^c;). Thus y(r) = 0(e"''^), which 
means w{r) = 0(r(P~^)/(P~^)) near oo. As in the proof of Proposition 13.3^ r^w has a limit c at oo, 
and that c ^ 0. 

• Next assume that y is positive, but not monotone for large r; then there exists an increasing 
sequence (r^) of extremal points of y, such that r„ — > oo, and (j4.9p follows from Lemma [2.6i Assume 
P ^ P2) or equivalently 25 < N; the function W is nonincreasing hence it has a limit A > — oo. 
Computing at point Tn, where Y{Tn) = {Sy (Tn))^"^, we find 

Wir^) = {a- - + ^,-Si,~i)r. 

2 p g + 1 

y(r„f (l + o(l) ^^-^j/(r.f 
= («-5)( ^ ), 

thus y{Tn) has a finite limit, necessarily equal to i. Then limT-^oo y(''") = ^■ 

(ii) Case a = 6 < N . From Proposition 12.51 and Lemma [2.61 (i) . (ii) . w has a finite number of zeros, 
and limT-^oo y = or ±00, and (|4.6p holds. If limT-^oo y = 00, we write 

(y _ Y)' + e''('?-i)^ y = (iV - 5)yi/{p-i)y-(2-p)/(P-i) = (at _ _ y')y-{2-p)/(p-i) 

and < 5y, hence for large r, 

{y - Y)' + {N - 5)y-(2-p)/(p-i)y' > yP~^{{N - 5)5^-^ - y^-Pe^C^-i^y?-!.. 
Since y' > 0, and lim^_^oo Y = 00, for any e > and for large r, 

{y - Y)' + ey' > y^'HiN - 6)6^-^ - e^^'^'^^^y'^+^'P). 
and y(r) = 0(r^/(2-p)) from (|4.5|) .Thus for any e > and for large r, 

((1 + e)y - Y)' >{N- 6)6^-^1 - e)yP-\ 
Setting C = (1 + e)y — Y, we deduce that 

e' > {N -6)6P-^{l-2e)e~^ 
for large r, which leads to the lower bound 

2/^"^(t) >{N - 5)5P-\2-p)(l - 3e)T, (4.13) 

and (|i30]) follows from (g^l) and (|i33|) . If lim^^oo y = 0, (jiTS]) follows as in case (i). 

(ill) Case a = 5 = N. From Proposition 14.11 y and Y are bounded. Moreover Y — y has 
a finite limit K, and 1" — y = K + 0(e~^'^~^^^). And y has a finite limit limit / from Lemma 
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[2Sl(i),(ii). Assume that / = 0. Then hm^^oo y' = - /C, hence K = 0. Thus there 

exists C > such that y' = Ny - yV(p-i) > Ny/2 - Ce-^i-^^^^'f''^^ for large r. This imphes y = 
O(e-To*) with 70 = e-(«-i)^/(P-i). Assuming that y = ©(e"'^"*), then {Y - y)' = 0(e-('?-i)^y«) = 
(9(e-(g-i+g7n)T-)^ hence Y = y + ©(e-^^'^+^T")^). Then there exists another C > such that y' 
> Ny/2 - Ce-^^-i+^^^^^/^P-i) for large r, then y = 0(e-T"+i*), with 7„+i = - 1 + g7„)/(p - 1). 
Observe that lim7n = oo, thus y = 0(6""^*)), thus w = 0{r^'^), for any 7 > 0. We get a contradic- 
tion as in Proposition (j3.3p by using the substitution (|2.1ip with d> N. ■ 

4.2 Oscillation or nonoscillation criteria 

As a consequence of Proposition 14. H we get a first result of existence of oscillating solutions. 

Proposition 4.5 Assume q > l,p < 2, and N < 6 < a or N < 6 = a. Then for any m > 0, any 

solution w ^ of problem U.10\) has a infinite number of zeros in [m, 00) . 

Proof. Suppose that is is not the case. Let w ^ 0, with for example w > and w' < near 
00, hence y > and Y > for large r. If < 5 = a, or < 5 = a, then y is bounded from 
Proposition 14. 1[ From Lemma 12.61 y is monotone, and lim,- _^oo (y (r ), y(T)) = (0,0). As in ()3.8p . if 
N < 6, then y is concave for large r, and we reach a contradiction. If 5 = A^ < a, we find 

(y - Y)' = iN- a)y - e-'^^''^- \yr' y < 0; 

then y — Y is non increasing to 0, hence y > Y, Y' > NY — > NY/2 for large r, which is 

impossible since lim,-^oo Y{t) =0. ■ 

Next we study the case where 5 < min(a, N); recall that 6 < N <^ p < pi. This case is difficult 
because the solutions could be oscillatory, and even if they are not, they have three possible types 
of behaviour near 00 : (j4.7p . (j4.8p . or ()4.9p . Here we extend to equation (jl.lOp a difficult result 
obtained in ([5]) for equation ()1.12p . Recall that for system (I2.18p . if a < ry, there exist no solution 
satisfying (j4.9p . and for some a € {rj,a*) there do exist positive solutions satisfying (|4.9p . 

Theorem 4.6 Assume P2 < P < Pi (^nd 6 < a. If a < rj, (in particular if a < N), then any 
solution w{.,a) (a 7^ 0) has a finite number of zeros and satisfies or ^.8^ . 

Proof. Assume a < rj. From Proposition 12.51 (iv), any solution w ^ has a finite number of 
zeros. We can assume that w{.,a) and w'{.,a) < for large r, from Proposition 12. 4[ Consider the 
corresponding trajectory 7^ of the nonautonomous system ()2.17p in the phase plane {y,Y). Prom 
Proposition ()4.ip it is bounded near 00. Let F be the limit set of 7^ at 00; then y > and y > 
for any {y,Y) G F. From [19], F is nonempty, compact and connected, and for any point Pq G F, 
the positive trajectory 7^ of the autonomous system (|2.18p issued from Pq at time is contained 
in F. From [5l Theorem 5.4] we have a complete description of the solutions of system (j2.18p when 
a < r]. Since 5 < N, the point (0, 0) is a saddle point; since a < a* the point Mg is a sink. The 
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only possible trajectories of (j2.18p ending up in the set y > 0,Y > are either the points 0, Mi, or 
a trajectory Ta^g starting from oo and ending up at 0, or trajectories 7^ ending up at Mg. And Ta^s 
does not meet the curve 

M={{X, {6X)P-^) : X>0} . 

Then either T = {0} , or F = {M^} , or T contains some point Pq of 7^,s, or Ta, thus also the part 
of Ta^s or Ta issued from Pq. liT = {M^} or {0} , the trajectory converges to this point. If it is not 
the case, then y is not monotonous, then there exists a sequence of extremal points of y, such that 
(y, y) G M.. Let Pq be one of these points; then Pq ^ %i^s, thus the autonomous trajectory going 
through Pq converges to Mi. Then F contains also Mi, thus there exists a sequence (r„) tending 
to oo such that {y {Tn) ,Y (rn)) converges to M^. Next we consider again the energy function W 
defined at (I2.2ip . and still use the notations W,U,?i, C,S of Section [2m Since a < a* , the point 
Mi is exterior to the set S. Thus 

lim W (r„,) = W {Mi) = h < 0, 

from (j3.28p . since here 6 < N; and ki = miuj-^^ y)g]g2 W (y, Y) ; and for large n, {y (r„) , Y (r„)) is 
exterior to S, thus U (y (t„) , Y (r„)) < 0, thus W {tu) < 0. Either W is monotone for large r, then 
limT-_>oo W (r) = ki, thus limT-_>oo W (r) = k^, which implies limT-__»oo (y (t) , Y (r)) = Mi, and the 
trajectory converges to Mi. Or there exists another sequence of minimal points of W, such that 
Sn > Tn and W (.Sn) < W (Tn) . Then ki < liminfyV(s„) < limsupyV(s„) = limsupW < ki. 
Thus also lim^_^oo (y (sn) , Y {sn)) = M^. But 

Q = W'{Sn)<U{y{Sn),Y{Sn)) 

thus (y (s„) ,Y (sn)) £ 5, which is contradictory. Thus F = {Mi} or {0} , thus w satisfies ()4.7p or 
(fi^ from Proposition ■ 



Remark 4.7 /fa > a*, the regular solutions of system ^2.18\) are oscillatory, see fSl Theorem 
5.8]. We cannot prove the same result for equation lll.l(J\) . since it is a global problem, and system 
(2.11) is only a perturbation of i2.18\) near infinity; and the use of the energy function W does not 
allow to conclude. 



4.3 Existence of positive solutions 

From Theorem 14.61 we first prove the existence of positive solutions, and their decay can be quali- 
fieed as slow among the possible behaviours given at Proposition 14.41 

Proposition 4.8 Assume 5 < a < N . Let a > be defined at Proposition \2.5[ Then for any 
a € (0,a], and w{r,a) > on [0, oo) , and satisfies (4jj^ if 6 < a, or 14.10^ if a = 6. 
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Proof. We still have w{r, a) > from Proposition 12.51 Jn is nondecreasing and Jn{^) = 0. 
If the conclusions were not true, then w{r) = 0{r^'^), from Theorem 14.61 then r'^w = 0(r^~^), 
and N < r] from (jl.6p . Then limsup^^oo JNif) ^ 0, and we reach a contradiction as at Proposition 

\m m 

Next we show the existence of positive solutions with a (faster) decay in in the subcritical 
case: 

Theorem 4.9 Assume p < 2, 6 < a < N, and 1 < q < q* . Then there exists a > such that 
w{.,a) is positive and satisfies liuir^oor^'w = c 7^ 0. 

Proof. Let 

A = \ a > : w{., a) > on (0, 00) and lim r^w = i \ , 

B = {a > : w{., a) has at least an isolated zero} . 

Then A and B are nonempty Propositions 14.81 and 12.71 and A D (0,a] and B D [a, 00) , and B is 
open. Now we show that A is open. Let ao € A. Then J7v(., ao) is increasing for large r and tends to 
00, thus JAr(ro, ao) > and J^(ro, ao) > for ro large enough; and then there exists a neighborhood 
V of ao such that w{r,a) > on [0,ro] and JAr(ro,a) > and J'^{ro,a) > for any a € V. Then 
J'j^{rQ,a) > for any r > vq, since w{.,a) is decreasing. Then for any a G V, from Propositions 
14.41 and 12.101 either lim^-^oo '"''^^ = c > 0, and lim^^oo ^'''^^'U^' = — cr/, from (j2.14p and (j2.13p with 
d = rj; then liuir-too Jn{-,o.) = —c^"^, which is impossible. Or necessarily limr^oor^w{-,a) = £, 
thus a G A. Let ainf = inf i? > a and agup = sup A < a. Taking a = ainf or agup, then w{.,a) is 
positive and limr^oo r'^w = c. ■ 



Remark 4.10 Under the assumptions of theorem \4-S\ any solution w{.,a) {a 7^ 0) has a finite 
number of zeros, and lim.r-toor^w{.,a) = A(a), with A(a) = ±£ or 0. Here the function A is not 
continuous on (0, 00) . Indeed it would imply that the set {a > : A(a) = £} is closed and open in 
(0, 00) , and non empty, which contradicts the above results. 



At last in the supercritical case, we show the existence of grounds states for any a > 0, and 
they have a (slow) decay: 

Theorem 4.11 Assume 5 < a. Let w{r,a) be the solution of problem U.10\) . U.15\) . 

(i) If p < p2, then for any a > 0, w{r, a) > on [0, 00) and j-^^.T] ) or l-j-lO ) holds. 

(a) If P2 < P < Pi o,nd a < {N — l)p' /2, and q > qa > Q*^ where g* is given by ( f j.i-^[ ), then again 

w{r,a) > on [0, cxd) and j^. 7] ) or jO| ) holds. 



Proof. We consider again the function V = V\^a,e defined at (|2.9p . 

(i) Suppose p < p2. As in Theorem 13.111 (ii) we take X = N = 2a and e = a — N/2. Then V' < 
from (I3.25|) and in the same way w{r) > on [0, cxd) . From Proposition ()4.4|] . if (14. 7p does not 
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hold, then w = 0{r w' = 0{r (''+^)) near oo. Then by computation, V{r) = 0{r thus 
y{r) = 0. Then V = on [0, 00) which is contradictory. 

(ii) Suppose p2 < p < pi, and a < (N — l)p' /2. As in Theorem 13.111 (ii) we take X = 2a and 
a = N — 1 — 2a/ p' and e = a — a. Observe that a < rj, thus from Theorem l4.6l if (|4.7p does not hold, 
then again w = 0{r~^), w' = 0(r~(^"'"^)) near 00. Then by computation, V{r) = 0{r'^°^~^^~^^'P' ) 
near 00, hence lim^^oo y{r) = and we reach again a contradiction. ■ 



5 Back to problem (11.11) 

Here we apply to equation (|1.4p the results of Section 3 with a = a^ = p/ {q + 1 — p), and show our 
main result. 

Proof of Theorem 11.11 One has qq > since q > p — 1, and (j3.ip holds since q > 1. 

(i) The existence and behaviour of w follows from Theorem 12.11 and Proposition 13.11 

(ii) Condition qi < q is equivalent to qq < N, and Proposition 13.81 applies. 

(iii) If (7i < q < q*, then Theorem 13.91 shows the existence of fast nonnegative decaying solutions 
w. For any s > 1, there exists C > such that for any t > 0, 

\\u{t)\\^ = Ct^N/sa,^l)/{q~l) ii^ii^ ^ (5^^) 

If p > 2, then w has a compact support thus u{t) € If p < 2, then u is positive, and 

from Proposition (|3.3p . w satisfies [1.91 with i{N,p,q) and p{N,p,q) given by (j3.5p and (|3.7p with 
a = ao : 

l{N,p,q)= 6^-'^) p{N,p,q)-' f''^'' 



6 -ao 



) P^^^P^'^^ = N[2iN^o 



hence again u{t) € L'^(M ). Indeed either pi < p, thus N < 5, and if = 0(r ) at oo, thus 

/CO fCO 
^N-i-5s^^ < oo; or p < pi, thus u; = 0{r~^) and N < rj, thus / r^~^~(^~P)'*/(P^^)(ir < oo; 

or p = pi, and = 0{r~^ (In r)~^^^^^^'^ ), and / r^~^~^*(lnr)~(^+^)/^(ir < oo. Moreover 



lim^^o = whenever s > N/ao, from (jS.ip . For fixed e > 0, from Proposition 13.21 ei- 

ther p > 2 and sup|^.|>^ |ti(x,t)[ = for t < t(e) small enough, or p < 2 and sup|^,|>£ \u{x,t)\ < 

enough, and ao < S, hence in any case lim^^o sup|^.|>£ \u{x, t) \ = 

0. 

(iv) The assertions follow from Theorem 13.61 (ii) and (iii), and from Proposition 13.31 

(v) Here we applvTheorem [3TT] (il and (ii). Indeed if p > p2, and q > q*, then ao < — p)/p < 
N/2. 
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(vi) If 1 < q < qi, then N < 6 and < ao thus ah the solutions w are changing sign, from 
Proposition 12.51 (ii); and there exists an infinity of fast decaying solutions w, from Theorem 13.61 
(ii); the estimates follow from Proposition 13. 2[ Moreover in the case p < 2, from Theorem 13.151 w 
has a finite number of zeros if oq is not too large, in particular if oq < a*, where a* is defined at 
(jl.l4p (a* < 5), which means 1 < p — 1 + p/a* < q < (?i.This requires < a*, which means that 
p is sufficiently close from 2 , more precisely {2p — 3)p > N{2 — p){p — 1), in particular p > 3/2). 
On the contrary, there exists a G (max(A^, a*), 6) such that w is oscillatory if oq > a, which means 
I < q < p — 1 + p/a. m 

Remark 5.1 If q = qi, then uq = N, thus for each of these functions w, there exists C E M such 
that the corresponding function u satisfies I u{t)dx = C wdx, and ||n(t)||-|^ = \C\ \\w\\i for any 

t > 0; then there exists a sequence such that u{tn) converges weakly to a hounded measure 

fi in R^; we still have liuit-^QSup^^^^^ \u{x,t)\ = 0, hence has its support at the origin; we cannot 
assert that ^ is a Dirac mass as in the case p = 2, see ]26^ . since we have no uniqueness result for 
equation \l.l\ inasmuch as u has not a constant sign. 
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